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1.  Introduction 

Let  Mz)  =  (j)(x+ly)  be  a  complex  function  which  Is  Inte- 
grable  along  a  simple  smooth  path  L  In  the  complex  z-plane. 
Let  C  =  ?  +  ill  be  a  point  on  L  which  Is  not  one  of  the  end  points 
of  L  and  let  C  be  Imbedded  In  a  subarc  L  of  L  such  that  the  end 
points  of  L  are  equidistant  from  C-   In  this  paper  the  symbol 

r  Mzjdz 

L 

means  the  Cauchy  principal  value,  that  Is, 


J  z  -  C     ^^  n  J  z  -  C 


^--0   L-L. 


provided  the  limit  exists. 

In  a  recent  note  [1]  the  author  showed  that  the  solution 
of  the  Integral  equation 

1 
(1.1)  f    %1|2L  =  f(^)  ,       0  <  ^  <  1 

0 

can  be  reduced  to  the  solution  of 

X  1  X 

(1.2)      /  -1—  f  -/^He)dedt  ^  r  ^  ^j^j^^  +  2c  A 

and  therefore  to  the  solution  of  the  pair  of  Volterra  equations 


(1.3)  /  ii^l^  =/  A  f{^)d^  +  2c  /5? 


0  ^^-^        0 


(1.4)  r  AiiiM  =  *(t) . 

Equation  (1.3)  Is  Abel's  equation  and  equation  (1.4)  can  be 
reduced  to  the  form  (1.3)  by  using  the  transformation  |  =  1  -  u; 
0-=  1-  V.   The  solution  of  (1.3)  followed  by  the  solution  of 
(1.4)  gives 

1         t 

/I  c^   /T  \.ii\             c      1   d   r    1    r  J^   f (x)dxdt 
(1-5)  /I  M^)  -  , ^  dT  /   ;      /  ~ • 

The  analysis  in  [1]  also  implies  that  the  solution  of  (l.l)  can 
be  based  on  a  knowledge  of  the  integral 

0  <  X  <  t 
t 


(1.6)    -/  -^ ^- 


^0  y^it-x)    ^^ 


V  A(x-t) 


JL t  <  X 


and  the  solution  of  just  one  Abel  equation  in  the  following  way. 

In  order  to  allow  (j)(x)  to  possess  a  possible  singularity 
at  X  =  0  let  (1.1)  be  written  in  the  form 


(1.7)  /  2L^i^=  ^f(^)  + 


where 

1 
c 

0 


=  /   ({)  ( X )  dx  . 


The  multiplication  of  both  sides  of  (1.7)  by  l//^lt  -  £J  followed 
by  an  integration  gives 


r      1        r  x(i)(x)dxd^  ^  r  yr  f(g)d^  ^  ^  r dy 


TT 


or 


It  t 

(1.8)   -  f    x(t,(x)  r  ^       d^dx  =  r  A  f (^)d^  +^c  . 

From  (1.6)  the  equation  (1.8)  is  the  same  as 

r  A  <i)(x)dx  ^  ^  ^  1   r  A  f (x)dx 

The  solution  of  this  integral  equation  is  readily  found  to  be 

TT/I  -  X     TT         X   "^  ~  "^   0       /t  -  X 

which  agrees  with  (1.5). 

The  method  presented  in  the  last  paragraph  depends  on  (1.6) 
which  shows  that 


^(1)  =     ^ 


A(t-  i) 


is  a  solution  of  the  homogeneous  equation 

/  SUM ,  0  ,  0  <  X  <  e  . 

0 

More  generally,  it  may  be  possible  to  base  the  solution  of  the 
Predholm  equation 

b 

(1.9)  /  K(|,x)(|)(x)dx  =  A(l)(e)+f(^)  ,    a  <  ^  <  b 

a 

on  the  use  of  an  explicit  non-trivial  solution  il/{x,t)    of 

t 

(1.10)  f    K(x,^)t(x,t)dx  =  -hf{^,t)      ,  a  <  ^  <  t  . 

a 

If  (1.9)  is  multiplied  by  ^{4,t)  and  then  integrated  it  becomes 

t        b  t  t 

a        a  0  0 

or,  if  the  order  of  integration  can  be  changed, 

b       t  t  t 

f     Mx)  y'K(|,x)^(?,t)d_dx  =  ^  f  f{i,t)^{i)di   +  j  V'(l,t)f(^)d? 
'a       a  0  0 

which  is  the  same  as 


t  t  b  t 

f  ^{x)  J  K{i,x)i/{^,t)<lidx   +  I    ^x)  j    K(^,x)^(^,t)d4dx 


t 
t 


=  ^  f  i^{^,t)^{i)d^  +  ff[i,t)r{i)d^ 


Prom   (l.lO)    this   Is   equivalent   to 

b      t  t 

(1.11)      f  ^x)  fK{^,x)f{i,t)d^dx  =/^{e,t)f(Ude 

t      a  a 


If  Ki{t,x)  denotes  the  value  of  the  Integral 


fK{i,x)-p{i,t)d^ 


for  X  >  t   the  equation  (l.ll)  becomes 

b  t 

(1.12)         jK-^{t,x)^{x)dx  =  f  f{^,t)r{^)d^ 


Therefore  if  a  non-trivial  solution  of  (l.lO)  can  be  found  for 
a  "^  t  <  b  then  it  may  be  effective  to  reduce  the  solution  of  the 
Fredholm  equation  (1-9)  in  the  above  way  to  the  solution  of  the 
Volterra  equation  (1.12). 

When  the  kernel  K(^,x)  is  a  Cauchy  kernel,  that  is,  when 
K(^,x)  =  l/(x  -  ^)  the  method  just  presented  can  be  used  to  extend 
the  results  of  [1].   Section  2,  below,  shows  that  the  above 
method  can  be  used  to  reduce  the  solution  of 


(1.13)  /  %^=  mi)  +  rU) 

0 

to  the  solution  of  Abel's  Integral  equation.   Section  J>   demon- 
strates that  the  same  Ideas  can  be  applied  to  obtain  the  solution 
of 

(1.14)  f    ^l^}f  =   A<t)(C)  +  f(C)  . 

L 

In  other  words,  the  evaluation  of  a  certain  definite  integral 
can  be  used  to  reduce  the  solution  of  (l.l4)  to  the  solution  of 
a  generalized  Abel's  equation.   This  leads  to  a  new  formula  for 
the  solution  of  (l.l4). 


2.  Abel's  Equation  and  a  Cauchy  Integral  Equation  of  the  Second 
Kind 

The  Integral  (1.6),  namely 

M 


0 
is  a  special  case  of 


(e-x)yi(t-e) 


J    ^-r~^    (t-c)(e  -x) 

0 


where  0  ^  7  "^  1.   The  substitution  t-  i   =  '^i   changes  the  last 
integral  into 


00 


xa--{i   -x)  ^^ 


which  can  be  evaluated  in  a  variety  of  ways.   In  one  way  or 
another  it  is  not  difficult  to  verify  that 


(2.1) 


^~r~^    (t-e)(e-x) 


0 


00 


0 


ft  -x)^"^ 
-i ^ IT   cot   -yiT,         0   <   X   <    t 


1  ,t-  x^y-1 

V^     X    ^    X      ^ 


00 


0 


C^"^dC 


(x-t)^-l 


TT 


r7 


sm  77r 


t    <   X 


This  shows  that  if  A  is  a  given  real  value  and  7  is  chosen  so 

that 


(2.2) 


-TT   cot  77r  =  A  , 


0  <  7  <  1 


then 


(2.3) 


^(e,t) 


(t-^)^-i 


:7 


is  a  solution  of 


(2. if) 


0 


?-x 


A^(x,t)  , 


0  <  X  <  t 


7 


Once  this  Is  recognized  one  can  surmise  that  the  solution  of 

(2.4)  can  be  used  In  various  ways  to  deduce  the  solution  of  the 
nonhomogeneous  equation 

1 

(2.5)  /  i|^=  m^)  +  r{i) 

0 

In  which  all  quantities  are  supposed  real.  For  example,  (2.3) 
and  (2.4)  could  be  used  in  connection  with  the  Hardy-Polncare- 
Bertrand  formula  [2]  to  find  the  solution  of  (2.5)  but  the  author 
believes  that  the  simplest  procedure  is  to  use  the  method  out- 
lined in  the  introduction.  In  accordance  with  this  method  the 
solution  (2.3)  can  be  used  to  reduce  (2.5)  to  a  simple  Volterra 
equation. 

Equation  (2.5)  can  be  expressed  in  the  form 

1 

(2.6)  f    ^^^^  =   A?(t)(U+  ?f(4)  +c 

0 
where 

1 
c  =  /   (f)(x)dx  . 
0 

Then,  multiplication  of  (2.6)  by  (t-  |)'^~  /^"^  and  integration 
gives 

(2.7)  /i^^  f  iiMf^.f  ll^l,,^^^,,,ru)..m 

0^0  0      ^ 


8 


Under  the  assumption  that  the  order  of  integration  can  be  changed, 
(2.7)  is 

(3.8,  -/.Mx,/ii^-tM|./\Hx,[i-iZ:i.|Mi 

0       0^  t       0     ^ 

t     _-J_ 

=  /  ^^~^l^~       [A^<t>(U+  4f(U  +  c]d^  . 
0     ^ 

With  7  determined  by  (2.2),  the  evaluation  (2.1)  can  be  used  to 
reduce  (2.8)  to 


1 

r 

t 


J. 

(2.9)        -^ r  (x  -t)^-V"^(t)(x)dx 

*      ^'        sin  yir    J     ^  '  ^\    i 


=  /  (t-4)''-Hi-''f (5)<ie  +  0  /  (tziiT:^ 


0  0 

Thus,    since 

t  -, 

r  (t-g)y-^dg  ^    TT 

J  *7  sin   77r    ' 

0  ^ 

the  solution  of  (2.5)  reduces  to  the  solution  of 

1  t 

(2.10)  /(x-t)^-V-^<l)(x)dx  =  ^i^/(t-U^-H^-^f(4)de+c  . 
t  0 

Furthermore,  it  is  not  difficult  to  prove  that  the  process  can 
be  reversed  so  that  any  solution  of  (2.10)  is  also  a  solution 
of  (2.5). 


The  solution  of  Abel's  integral  equation 

P  f    (x)dx 

(2.11)  /  -^ =  F{t)  ,  0  <  K  <  1 

^0  (t-x)'^ 

Is 

The  equation 

P  ^p(x)dx 

(2.13)  /  — ^  =  F(t)  ,  0  <  K  <  1 


can  be  reduced  to  (2.11).   The  substitutions  x  =  l-u;  t  =  l-v 
change  (2.13)  into 

P    ^„(l-u)du 

/  -^ jT-   =  P(l-  V) 

^        (v-u)"^ 

and  then  by  using  (2.12)  the  solution  of  (2.13)  is 

X   ^ 

The  application  of  (2.14)  to  (2.10)  leads  to 

2        1  t 

(2.15)   xl->'Mx)  =  -^i^l^  f    -^     /  (t-^)^-Hl-^f(^)d^dt 

TT        -^      (t-x)^  ^Q 

c  sin  jTT 
7r(l-x)^ 

Since 


10 


-TT   cot   77r   =   A 
and   consequently 

sin   717  _  1 

the  result  (2,15)  can  also  be  expressed  as 

1  t 

+ 


(l-x)^iA^+7r^ 

The  formula  (2.l6)  is  not  the  formula  which  is  usually 
given  for  the  solution  of  (2.5).  However,  the  derivative  in 
(2.l6)  can  be  transformed  as  follows: 

^  /  775^  ,/(t-e)^-i?i-^rte).edt 

X      ^^"^^         0 

.  4f rV-^f(^)  f  ^^-^)'-'^^^^ .  fV-^f(e)  f  ^^-^^'"'r^ 


111  izi 

-^"^      -y-l  o^  o^"^      Y-1 


dcrd^ 


*^  0  00  X  0 


11 


^  .7-1.^  ,_^  .  _    r  ,y-^aa- 


,,i-7fw/  4l|^  .  xi-^'f  (X)  /  4I; 


00  0 


.fe-rrunW-'-^rrim-^^ 


(^)    (1-) 


.1-.,,.,  /  4^^  ^  ,^  /  i-il^^l^ 


0  (1-^)      0 


1 


{i-?)^|^:MiM 


-X   '^f  (x)  TT    cot  77r  +  r;   /   g 7- 


0 


Therefore  by  using  this  transformation,  which  we  will  denote  by 
T,  equation  (2.l6)  can  be  expressed  as 


(2.17)   <^(^)  =  --^7-?  -77^7-27  •TTtTTT^  J   ^^^^ 


0 


+ 


X    '^  (1-X)'^  VA   +  TT 

where 

-TT  cot  yv  =  1\ 

The  formula  (2,17)  appears  in  Muskhelishvlli  [2]  or  Mikhlin  [3], 
for  instance,  and  it  is  regarded  as  the  standard  formula  for  the 
solution  of 

12 


J. 

(2.18)  /  iix)|£.  m^)^fU)  . 

0 

Incidentally,  the  solution  (2.15)  can  be  checked  by  using 

successive  Abel  equations  to  solve  for  f(^)  in  (2.15)  and  then 

applying  a  transformation  similar  to  the  transformation  T  noted 
above. 


3.  The  Cauchy  Integral  Equation  of  the  Second  Kind  with  a  Path 
of  Integration  in  the  Complex  Plane 

If  L  is  a  simple  smooth  path  from  a  to  P  in  the  complex 
z-plane  and  if  C  is  on  L  ,  which  denotes  L  minus  its  end  points, 
the  equation 

(3.1)  /  iMd£.  AHC)+f(a 

L 

is  a  generalization  of  (2.l8).  As  is  well  known  (see  [2],  [J>], 
\.^]>  [5])  the  solution  of  (3-1)  can  be  reduced  to  the  solution 
of  a  Hilbert-Riemann  boundary  value  problem.  The  reduction,  as 
well  as  the  solution  of  the  subsidiary  problem,  is  based  on  the 
use  of  an  ingenious  idea  due  to  Carleman  [6],  namely  the  intro- 
duction of  the  function 

F(w)  =  f  ii^i^ 

L 


13 


where  w  is  unrestricted;  and  the  use  of  the  Plemelj  formulas. 
This  method  for  finding  the  solution  of  (3-1)  is  very  elegantly 
effective  and  it  Is  perhaps  Indispensable  for  finding  the 
Integral  representation  for  the  solution  of  a  Cauchy  Integral 
equation  of  the  third  kind.   For  these  reasons  and  others,  the 
method  Is  likely  to  remain  In  Its  position  of  preeminence. 
However,  apart  from  an  analysis  of  the  properties  of  ^{z)    which 
will  Insure  the  existence  of  the  Cauchy  principal  value  for  all 
or  almost  all  values  of  C,  it  could  be  claimed  that  the  Ideas 
mentioned  above  require  the  development  of  a  function  theoretic 
apparatus  which  is  unnecessarily  advanced  and  powerful  for  the 
solution  of  the  real  equation  (2.5)  If  one  grants  a  knowledge 
of  the  Integral  (2.1).   Compared  with  such  a  claim,  a  similar 
claim  with  respect  to  equation  {^.1),    which  Involves  complex 
quantities,  is  less  defensible.   Nevertheless,  the  purpose  of 
this  section  Is  to  show  that  a  solution  of  (3-1)  analogous  to 
that  of  (2.5)  In  Section  2  can  be  synthesized  If  one  is  willing 
to  start  with  the  value  of  a  definite  Integral  which  Is  a 
generalization  of  (2.1).   The  generalized  Integral  is 

(5.2)  -/   (fEi)'  (c„-U^g-z)   '      °"<^'^'  "    ' 

where  L   is  the  path  along  L  from  a  to  an  arbitrary  point  o) 
on  L.   With  the  evaluation  of  this  integral  as  a  basis,  the 
solution  of  (3.1)  can  be  reduced  in  an  elementary  way  to  the 
solution  of  a  generalization  of  Abel's  equation. 


14 


The  substitution  co  -  C  =  ^(C-  ot)  changes  (3-2)  into  the 
simpler  form 

^^•^J  /     jtz-a)  -  (cD-z) 


r 


O  00 


where  ]     denotes  a  simple  smooth  path  from  the  origin  to 

Infinity  In  the  complex  (T-plane.   If  z  Is  on  L   ,  (oa-z)/(z-a) 

Is  on  P    ;  and  If  z  Is  on  L-L   ,  (co-zl/fz-a)  is  not  on  P 

'  o  cr>  003   *    //  »    /  '  o  00 

It  is  easy  to  evaluate  (3-3)  by  using  the  theory  of  residues  and 
this  gives 


OJO) 


/W-Z^^    -'-    TT    cot    TTT  -.   ' 

-( )  —7 r^ —  z      on     L 

^z-a'  (z-a)  CM) 


/Z-oox^"-'-  T r^^^— 1 z      on     L-L 

(■^-^)  (z-aj    sin  /tt  cud 

The  evaluation  (3.^)  shows  that  if  A  {j^   ±7ri)  is  given  and  7  is 
chosen  so  that 

(3-5)  -TT  cot  77r  =  A  ,  0  <  Re(7)  <  1  , 

then 

(3.6)  ^^(^,0))  =  ^^-^^^" 

is  a  solution  of  the  homogeneous  equation 

15 


(3.7)  -/   ii|.^=  AMz,co) 


OO) 


I 
where  z  Is  a  point  on  L 


Equation  (3.I)  can  be  written  as 


(5.8)       f     (^-«HU)dz  ^  A{C-a)(t)(C)+(C-a)f(0  + 


where 

c   =        ({)(z)dz  . 

L 

Multiplication  of  (3-8)  by  (co-C) '^"VC  C-a)^  followed  by  an  inte- 
gration yields 

(3.9)     f    i^^^   [  ^--H^g^^--^^ 

=  f       ^'"'^^^"   [A(C-a)MC)  +(C-a)f(C)  +  c]dC  . 

The  assumption  that  the  order  of  integration  can  be  changed  in 
(3.9)  leads  to 


16 


(3.10)        -    f     (z-a)Mz)    f       (o^-O^-'   dCdz 


L  L 


L   ft  L 

cop  acD 


r       (03-0^        [A(C-a)Ma   +(C-a)f{C)+  c]dC 

i     (c-ct)^ 


003 


where  L  g   Is   the   path  along  L  from  o)  to   p.      If  7   Is   chosen   so 
that    (3«5)    holds   then    (5-'^)    shows   that    (3. 10)    Is   the    same  as 


(z-a)^-y 


(3.11)      --^^  -S-5-::^V- Mz)dz 


^cop 


{  (00-0^"^  {  (C-a)^ 

003  CUX) 


Since 


(5.12) 


(a)-a^"^dC 


TT 


J  (^.^)7  sm  7Tr 

OO) 


equation    (3. 11)    reduces   to 


i~^^/'vWi'7        c!-i*>o   -v^      r       ^r   ^^1  7^ 


OoP  OUX) 


17 


which  may  be  classified  as  a  generalized  Abel  equation.   The 
equation  can  be  solved  by  using  (2.14).   However,  for  complete- 
ness, a  derivation  of  the  solution  follows. 

Equation  (3.13)  can  be  solved  by  multiplying  each  side  by 
l/(a)-T)'^  where  t  is  on  L  □;  and  integrating  along  L  from  t  to  p. 
This  gives 


(z-g)   '^<|)(z)dzdcD 


7  J  r._,.il-7 


^    (co-t)^  '^j  (z-od)- 


(z-g)  ~ V(z-(X))(|)(z)dzdco 


^  (cd-t)^  ^^  (z-o))  "'*' 

where 

/^l  if   z   follows  03  along  L 

^i(z-CD)     =      ) 

/  0  if   z   precedes  co  along  L    . 

Hence   it   can  be   seen  that 


(z-g)      '^(t)(z)dzd(D 


^         (cd-t)'''    '-'  (z-co)      '*' 


r     /         ^l-7l/    A     r           [x(z-a3)da3dz 
=   /       (z-g)      ^(^(z)    /        —  T-— 

^  i         (cD-T)^(z-a3)^   ^ 


^Tp  ^Tp 


(z-g)l->'(l)(z) 


dcodz 


^  -|         (a3-T)>'(z-cD)^-^ 


18 


or  by  using    (3.12) 


r  1  r        (z-a)       ■'<i)(z)dzdaj  it  P     ,         \l-7i/     >•, 

J        7 7^    i         ;i-7 =  iIFl^,         ^^-^^      ^Mz)dz    . 

X.         (cd-t)'^     "1.  (z-co)      '  '       -^ 

From  this,    the   solution  of    (3. 13)    is  given  by 

_   sin  y-rr    T  1  [       ( ^-a)^~yf  ( QdCdo)  ,        T      dco 


The  derivative   of    (3-1^)    is 

(5.15)  (T-a)^->'<t,(T) 

sin  77r    d      T  1  T     (C-a)    "'^f(C)dCdco     c    sin   yrr 

5^^^^         {^-^?\  (03-0^-^  TrO-T)^' 

which  demonstrates  that  the  formula  for  the  solution  of  (3-13) 
is  analogous  to  the  formula  (2.15)  for  the  solution  of  (2.10). 
Since  -tt  cot  jn   =  1\,    the  result  (3-15)  can  also  be  written  as 

(5.16)  (.-ajl-'-Mx)  =  -   1^  ^  r  _l    r  UzEliZfjillWco 


^."2"   ?  dx  J    ,    ^7./       '1       ;»%l-7 
j-j  /-)        ij 

Tp  OO) 


+ 


(P-t)^  A^+tt^ 
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The  derivative  of  the  double  Integral  in  (3.16)  can  be 
replaced  by 


d 
dT 


1 


(C-a)^"^f(C)dCda) 


(03-0 


1-7 
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(co-a 
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+  y'    (C-a)^-^f(a 
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(od-t) 


7 


d 
dT 


(C-a)^-^f{a 


ax 


L 


tP 
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+  f     (C-a)^-^f(C) 
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CO  T 

7-1. 


=  +(T-a)l-^f(T)/      ^lil^^ 


0 


.r  t?-a)i-''f(i:)(P4)^-'^V^.i£:il^.dt 

(P-t)''    ■{  ''-^ 

aP 

Hence   (5'l6)   can  be  expressed  as 

(3.17)    Hr)--^^-      ,    ,      ^     .     .r    (C-a)^-Yr)>r(OdC 


+ 


where 

-TT  cot   77r  =   A    . 

This  Is  the  form  which  Is  usually  presented  for  the  solution  of 
(5.18)  /   iiz)dz  ^  AMC)  +  f{C)  . 

It  is  to  be  noticed  that  although  (5. 17)  depends  only  on  a  single 
integral  the  integrand  contains  the  factor  1/(C-t)  and  hence  the 
integral  denotes  the  Cauchy  principal  value.   This  factor  does 
not  appear  in  (3.I6).   For  some  purposes  the  formula  {3'l6)  may 
be  more  advantageous  than  (3- 17)- 
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It  Is  interesting  to  note  that  the  foregoing  analysis 
aubsumes  the  solution  of 


(3.19) 


Hz)d 


■^  =  mo  +f{a 


where  C  is  a  simple  smooth  closed  path  and  C  is  on  C.   If  a  is 
any  point  on  C  it  can  be  taken  as  both  the  initial  and  end  point 
of  a  path  L  a   which  coincides  with  C.   Hence  the  solution  of 
(5.19)  can  be  found  by  setting  p  =  a  in  {3.16)  or  (5. 17).   The 
latter  form  gives 


(3.20)    ^{t) 


Af(T) 1 


(C-a)f(C)dC 


or 


+ 


(T-a)^-^(a-T)^yA^T7 


(3.21)    Mt)  =  - 


f(T)   _     1 


f(C)dC 


(A^  +  7r^)(T-a) 


c 


A  solution  of  {3- 19)  must  satisfy 


't'^^^^g^^  =  A   ^  MOdC  +  'p   f{C)dC 


c  c 


or 
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-TTl 

C 


<^    (t>(z)dz    =   ^     ^   MOdC    +    (^   f(C)dC 


That   is. 


^    f(C)dC   =   -(A+TTi)     (^   MOdC 


and   since   -tt   cot   777   =   A, 


*^    f(C)    =   7r(cot   77r  -1)     (^    MC)dC 


-1777 

sin  77r 

C 


^   MOdC 


which   shows   that   the   quantity  within   the  bracket   of    (3.21)    is 
zero.      Therefore   the   solution  of 


(^kM^=  A^(a+f(c) 


c 


is 


(i^iTj  _     -2—^  -  772-— 27  y    I  -T 

A      +  TT  I  A       +  TT     )        -j^  ^ 
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